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Q . Abstract 

o ■ 

Tj- I Using the isospin analysis, the fact that penguin is pure AI = 1/2 

^^ ' transition, the unitarity for tree graph and C-invariance of strong 

Q . interactions, it is shown that ^^ = = 6t, r_o = tro-,S-o — 6q- = itvr, 

2tr jr J cos{5 f — 5 j) = (r?+t^r|) — r^Q, where (5's are final state phases 

Q^' and r^s are penguin to tree ratios defined in the text. 

X.' Using the factorization for tree graph as input and the experimen- 

D \ tal data, we have obtained the following bounds on rf,rj,5f and 5i : 

-^ ■ 0.11 <rf < 0.21, 0.18 < rj < 0.30; 11° < 6f < 57°, 23° < 6f < 90° for 

the case Zj-j = cos a cos 5fj < 0. For Zf < and Zf > 0, we obtain the 
K> ; following bounds for rj and 5f : 0.14 < rj < 0.46; 90° < 6f < 170°. 

J^ I From experimental data, for the decays B~ -^ p~'K^{p^iT~) we get 

e_o = 0.28 ± 0.10, eo_ = 0.51 ± 0.10, ^ = -0.8 ± 0.1 i.e. A^^ and 



^CP 



|2^-o,o- I (^o-,-o| 



A(jp have opposite sign, where 1 + eo-,o- = — — iji-o.o- '■• In the 

naive quark model the above values imply 02/01 = 0.39 it 0.14 and 
02/01 = 0.37 lb 0.07 consistent with each other. 



1 Introduction 

The decays of B into two light mesons which belong to an octet or a nonet 
representation of S'f/(3) have been extensively investigated experimentally 
and analysed theoretically to obtain information about CP-violating phases 
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a, /3, 7 and to test theoretical models [T] . As is well known, CP asymmetries 
involve not only weak phases but also strong phases. It is not easy to reliably 
estimate the final state strong phases. 

In the conventional frame work, the decays are analysed in terms of the 
tree amplitude (T); the color-supressed amphtude (C) and the penguin am- 
phtude (P) (loop supressed). The supression factor is expressed in terms of 
Wilson coefficents in the effective Lagrangian for B decays viz -U- ~ — ~ 0.18 



\T\ 



ytbv:. 



VubV* 



0.03 



vtbV,:^ 



Vubv:^ 



However for B ^ nir decays, to fit the data, rather large values of 1^1 
and 1^1 are required; against the spirit of the model. The pions are identical 
bosons and their wave functions in the final state must be symmetric. This 
is explict in the isospin analysis of these decays. It is not clear how Bose 
statistics is satisfied in terms of T, C and P amplitudes. However p and 
TT being not identical bosons, there is no problem with Bose statistics in 
terms of analysing these decays in terms of amplitudes T, C and P. The 
B ^ pn decays have been extensively studied [21 [3]. In particular, the 
decays -B° — >• p~7i~^{f), B^ -^ p+7r~(/) and B~ — > p~7r°(p~7r°) are analysed 
in terms of one weak phase a, six strong phases 6f, 5j ,6t, 5_o, (^o- and 6t and 
seven parameters: 



Tf 
P[_ 

P/ 

Tf 



rpO 



pO- 

J'O- 
p-0 



T- 



Tf 



Tf 
Pf 



j{s}-5'r) ^ .i5-, 



Tf 

pn .. 



i 5''.-5V. 



S, 



ey f f> =rje"'f 



e'l-^/ --5/) = Tfc'^f 






T 



0- 



p-o 



.<5t-5^o) 



1 + eo- 
1 + e-o 



l + ep^ 
1 + e-c 



te' 



(1) 



where 



1 + eo- 






e-o 



T 

IT 



-0 



-01 



\Pi\T 



0-1 



Tf 



v/2lT-°| = \T^\ 



Thus there are thirteen parameters besides the weak phase a. There are 
seven independent observables viz the CP violating asymmetries J^p and 
A^p, the direct CP violation parameter C and dilution parameter AC, the 
mixing induced CP violation parameter S and dilution parameter AS*, and 
the total decay rate Fpi^rT for B'^ decays and four observables for B~ decays 
viz two decay rates and two CP asymmetries. 

Hence it is required to reduce number of parameters by some theoretical 
input. In particular in this paper (see section 2); using the isospin analysis 
and the fact that penguin is pure A/ =1/2 transition, we have obtained the 
following relations 



r_o = tro_;(5^_-5 



p 



±7r 



1 - cos(5j' - 5^) 



-0 - (^/ - ^^if 



tr j' sm{5 f — 5 f) = r_osin((5_o — 5j) 

Further, using the unitarity for the tree amplitude and C-invariance of strong 
interactions, it is shown that one possible solution gives 6t = = 6t- Selecting 
this solution we have 



xP kP 
kP kP 



5j-5 



f 



5-0 - ^0- = ±7r 
These results are used to analyse the experimental data in section 3. 



2 Isospin Constraints and Final State Phases 

The decay amplitudes in terms of T, P and C for B^ ^ f, f decays are given 
by 

Sf = e-'^{f \H\ B^) = e-'f^Af = e-'^ [T^e"'^ + P^e^^] 

= -T^le'^-rje'^f] (2) 



Sf 
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(3) 



For B^ -^ f and B^ ^ f change a — > —a in Eqs.(I2]) and ^ respectively. 
For B- -^ p-TT° 

= - f-^e'" - p-°] = -f-° [e^° - r_oe'^-°] (4) 

So- = e-'f^Ao- = -T°" [e'" - fo-e'^"-] (5) 



For B^ -^ p^tt^jP^tt^ change a to —a in Eqs.(Il]) and ([5]) respectively. 

Isospin analysis of these decays gives useful constraints on the decay am- 
plitudes. The effective weak Lagrangian contains both AI = ^ and A/ = | 
parts. As is well known, the decay amplitudes can be written in terms of 
four complex amplitudes corresponding to J = 0, / = 2 symmetric isospin 
wave functions for pvr states and two antisymmetric isospin wave functions 
corresponding to / = 1. Thus we have 



■*' = i-"' + 7!^» + ^^■'^ + 5-^' (') 



^0 = -^Ao-—A2 (10) 

The amplitudes Aq, Ax and ^2, A'^ correspond to A/ = | and A/ = | parts 



of the effective weak Lagrangian respectively. From Eqs fl6l fT0l) . we get the 
relations 

(A/ + A/) - V2 (A_o + ^-) = 2^00 (11) 

A_o + Ao- = ^^2 (12) 

and 

2 [Aj - Aj) - v^ (A_o - Ao-) = -a; (13) 
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Since both A2 and A[ are pure A J = | and the penguin P is pure A J = |, 
we must have 

P~° + P°~ = (14) 

2{pf - P^~) - V2 {P-'' - P""-) = (15) 



From Eqs. flMJ) and flTSl) . we get 



S^o - 6q_ = ±71 



IJ^O-I 

tr_Q 



r-o = ^0-^^ (16) 



and 



^-(^^-^/)- ^-°"fc"^' (") 

trf sin ((5^ - (5^) = r_o sin (5^o - 6^) (18) 

One can get some information about the final state phases Sf and S 7 as 
follows. The factorization ansatz for tree graph is on strong footing ^j . This 
combined with a physical picture [5] that in the weak decay of B meson, 
the b quark is converted into b —>■ u + q + q and that for the tree graph 
the configuration is such that q and q essentially go together into the color 
singlet states with the third quark recoiling, there is a significant probability 
that the system will hadronize as a two body final state. The strong phase 
shifts are generated after hadronization by rescattering. Thus it is reasonable 
to use unitarity to get information about strong phases at least for the tree 
graph. 

Unitarity gives 

ImA} = 5^M:^A^, (19) 

n 

where Af is the decay amplitude and M„j is the scattering amplitude for / — >■ 
n. The superscript i indicates that the Eq. (HM holds for each weak amplitude 
and not for the whole amplitude Aj. Eq. (ll9p can be used to estimate the final 
state phase shifts [6]. Eq. flTSl) can be written as 

Im A} - M;^4 = J2 MnfAn (20) 



Since the decays are P-wave decays, we can use M = ^^ where S is the 
^-matrix for / = 1 partial wave. In terms of S, Eq. (IT9l) gives 

Im 4 (1 + S})+t Re 4 {l-S})=iJ2 S*nfK (21) 

n 

Now parametrizing S-matrix as r/e^*^ [7J and noting Re 4 — |4l'^'-'^^/' 
ImAf = \Af\ sin (5 J and taking the absolute square on both sides, we get 

141' [(l + r^^) -2r^cos2(5}- A)] = J^ A^^:^A:,5„,^ (22) 

n',njtf 

Note that in single channel description rj the absorption coefiicent take care 
of all the inelastic channels p]. This is an exact equation. In the random 
phase approximation of [6], we can put 



Y, ^S:f^,Sn'f = J2 K\ \Snff = \AU' (1 - V') (23) 

Then using Eq. (!23l) . Eq. (!22!) can be written in the form ^ 

'-M^}-^) = (^)AM (24) 

where 

I Ai 1 2 

(25) 



l + V 
Using the C-invariance of 5'-matrix [9J 

{f\S\n) = {f\C-'CSC-'C\n) = {f\S\n) (26) 



A) = 


/l- 


-] 


P' 
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v) 
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.21-'? 
^ l+V 
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\Al 




P = 
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2 






1-r/ 

1 1 ,„ 


<p' 


< 1 







we get 



where 



tanM^/-A) = (^-^)T^^4^ (27) 



f ) ll + r^; i_p2i_2 



I 4* 1^ 

-2 K^n 
P = 2 

4* 



(28) 



In particular we use Eqs. (121]) and (17r|) for the tree amplitudes i = T. First 
we note that for the minimum value of p^ and p^, Eg. (1241) and fl27p gives 

(5j J = A or ± TT + A (29) 

Thus either we have 5t = 6'^ — 5'j^ = or 6t = ivr. We select the solution 
6t = Oin agreement with the result of refrence p^ . This reinforces the point 
of view that for the tree graph final state phases shift is generated by the 
rescattering. 

However if we assume p^ = p^,then from Eqs. flMj) and fl27|) . we get 

tan ((5j - A) = ± tan Uj - A) (30) 

Then from Eq. (I5U]) . it follows that 



(.)5J = 


= 5 J] 5j- 5f= 6t 


(ii) Sj-A = 


- vr+(5j-A) 


Hi) 5 J - A = 


= -(^/-A)^ 


[iv) S}-A = 


= ±7r-((5j-A), 



Thus besides other solutions for which 6t is arbitrary, (5t = is also a possible 
solution. 

We now discuss the final state phases for the amplitudes T~° and T°~. 
Since the tree and color supressed amplitudes have same weak phase, we 
can use similar analysis as above to obtain the solution 5q_ = 5_q or 5q_ = 
=F7r + 6_Q. Now using 5^ = 67 and 6q_ = 5_q we get from Eqs. fll6l) and (Il7|) 

5^0 - So- = ±7r 

1 fx X \ r-o - {rf - trj)^ 

1 — cos /■ ~ df) = — 

^ ^ ^' 2trfrf 

We note that 6f = 5j if r_o = ±(?"/ — trj) which is experimentally testable. 



3 Observables 

In this section, we define the observables which are experimentally measured. 
1) The average decay rate 



Define 



where 

Rf - 
Rf - 

R-o - 
Rf)- = 



Rf 

Rf- 
R-o 
Ro- 



I 1 2 I — i2 

Sf + Sf 



\Sfr+Sf 






(31) 



I Q 1^ J_ I Q 1^ 



I Q 1^ _L I Q 1^ 

Po+I + po- 



[T'^'I [l — 2rfCosacos5f + rjj =\T^\ Bf 



Tf 



1 — 2r^cosQ;cos5j + rl 



/ 



Tf 



Bf 



(32) 



T" 



-0|2 



-0|2 



[(l + e_o)^-2(l + e_o)r_ocosacos(5_o + r2o] = |T-°|^fi_o 

(33) 

n0-|2 



iT'^r [(1 + eo-)' - 2 (1 + eo-) ro- cosacos(5o- + rl_] = \r'-y Bo- 



lt is convenient to define, the average rates for 5-decays to p+vr and p vr 

r^ = '"" ' '"" (34) 



^7 


' + 


S/^ 


1^/ 


2 

2 
+ 


5/ 



Rf + R 

\Tf 



2 



pp^ = (r± + r^) 
r± + r^ _ Rf 



Bf + t^B 



f 



B 



f 



(35) 



2) CP- Violating Asymmetries:- Define direct CP asymmetries 

Sj\ —\Sf\ 2r/ sin a sin 5/ 



± 

CP 


= 


«/ = 


T 
CP 


= 


aj-- 


-0 
CP 


= 


fl-o 


0- 
CP 


= 


Oo- 



\Sj\' + \Sf\ 
2rj sin a sin (5j 



B 



f 



B 



f 



2r_o(l + e_o) sin a sin 5_o 
2ro_ ( 1 + eo- ) sin a sin (5o_ 



Thus it follows from Eqs.([32]),([3lD and ([36D 

r± = (i?; + %) (1 + Acp) 

r^ = {Rf + Rf)il-Acp) 



(36) 



(37) 



(38) 



A 



CP 



Rfttf - Rjaj T^ - r^ 

Rf + P/ " r± + FT 

2 sin a [r / sin 5f — t^rj sin 5j\ 
Bi+¥Bj 



(39) 



In order to discuss the mixing induced CP asymmetries we first give a general 
expression for the time dependent decay rates for B^ ^ f, f in terms of these 
asymmetries 



r (5° (t) ^ /, /) 



-rt 



{Rf + Rf) (1 ± Acp) 



l + iC± AC) cos Amt 
-{S±AS)smAmt 



(40) 



where 



C±AC 



S 



f,f\ 



S 



fj\ 



\o f f\ -\- \b 



'/J I 



/"/I 



±{Rf - Rf) + {Rfaf + Rf-c 
{Rf + Rf){l±Acp) 



(41) 



The decay rates Tfj can be obtained from Eq. (l40|) by changing cos Amt 
cos Amt, sin A?Tit -^ — sin Amt 



From Eqs.dSSD .dSHDand dH]), we obtain 



Ri 



Rt 



4± 



^CP 



-{Rf + Rf)[{l + AC) + CAcp] 



2 



{Rf + Rf)[{l-AC)-CAcp] 
C + Acp (1 + AC) 



-a 



f 



(1 + AC) + CAcP 

C-Acp{l-AC) 

' (1 - AC) - CAcP 



(42) 
(43) 

(44) 



The mixing induced CP asymmetry S and AS" are given by 



{Rf + Rf){l + Acp){S + AS) = 2lmS}Sf 

2t{Rf + Rj) 
Bf + tBj 



[Rf + Rj) (1 - Acp ) {S - AS) 



2\m S}Sf 

2t{Rf + Rj 
Bf + tBj 



sin {2a + 5t) — rj sin {a + Sj + 5t) 

—Tf sin {a — 5f + 6t) 

+r/r J sin ((5j - Sj + 6t) 



(45) 



sin (2a — 5t) — rjsin [a — 5f — 5t) 



—Tf sin [a + 5f — 5t) 
+rfrfsm{6f-5f-6t) 



(46) 



4 CP- Asymmetries and Bound on r/, rj 

In this section, we try to extract information about Vf and rj without as- 
suming Sf = 5 J. From reference [Hj , we have 



C 

a/ 
aj 

npTT 



0.30 ±0.13 , AC = 0.33 ±0.13 
0.15 ±0.08 
0.53 ±0.30 

Rj + Rj = (22.8 ± 2.5) X 10"^ 



(47) 
(48) 
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From the above experimental values, using Eqs. (14211441) . we obtain 

Acp = -0.087 ±0.07 
Rf = (14.9 ± 2.2) X 10-^ (49) 

Rf = (7.9 ±1.8) X 10"^ (50) 

It is intresting to see that using the above values for Rf and Rj : 

p p _ 

— ^ = 0.31 ±0.14^ AC (51) 

Rf + Rf 

Since both rf and rj are small (of the order of 0.2), so as a first approximation, 
neglecting the terms 0{r'lj)] we get from Eqs. fl36|) . fl39|) and (HTj) 

2sma(rfsm6f — t'^rfSm6f) af — t^af , , 

Acp ^ — — = — 52) 

4^2 2t^ 

^ "^ (l + t^y ^'"^ " [""^ ^'"^ '^^ + "■/ ^'"^ ^/] = (l + t2)2 (^/ + «/) (^3) 

A ^ 1 -t^ 4^2 COS a , ^ ^ , . ,, 

AC ^ ^-p^-^^-p^(r;cos(5/-rjcos(5j) (54) 

If we take t^ = 0.52 then using the experimental values for a/ and aj, we get 

Acp = -0.083 ±0.07 

C = 0.31 ±0.16 (55) 

remarkably consistent with the experimental values given above. We also 
note that for t^ = 0.52, j^ ^ 0.32 very near to the experimental value of 
AC. Eq.f lS^ . indicates that the second term on the right hand is very small. 
The parameter t relates the B ^ p form factor Ao with B —^ tc form factor 
/+ if we assume factorization for the tree graph. Factorization gives 

t = ^#11 (66) 

C 

T = -^\Vub\\Vud\ aifp2mB \p\ f+im'^p) (57) 

Now fp = 208MeV,f^ = ISlMeV and the recent value [II] of /+(0) = 
0.27 ± 0.04. Using the above values and t = 0.72, we obtain Ao(m^) = 
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0.31 ± 0.05. [iniini [13] With \Vub\ = (3.35±0.40) x lO^^, f+{ml) = 0.27±0.04 
and t^ = 0.52, we obtain 

rLe = (15.2 ± 2.9) X 10-^ 

rL = (7.9 ± 1.8) X 10-6 (58) 

Using above values of F^^gg and F^^gg, we get 

r 

Bf + fBj = -^ = 1.50 ±0.32 

■*- tree 

Bf = ^^ = 0.98 ±0.24 

tree 

Bf = ^^ = 1.00 ±0.25 (59) 

J- + 



tree 



However, we note that 



-/,/ = ^/,/±V^/,/-(i-4/j (60) 

Thus 

BfJ > 1 - 4/ (61) 

If we take weak phase a [1] in the range 112° > a > 90°, then it follows from 
Eq.([6l]), that Bfj>0.8Q. 

Due to large uncertainity in the experimental data, it is convenient to 
select particular value for /+(m^) Vub in calculating F^^gg consistent with the 
above constraints. With f+iml) Vub = (0.26) (3.40) x 10"^ we get Ff^gg = 
14.5 X 10~6. With this value for F/^gg, we obtain 

Bf = 1.03 ± 0.12, Bf = 1.05 ± 0.12 (62) 

However if Zjj < (0 < 6jj < 90°) then it follows from Eq.dHOD Bf, / > 1. 
Since largest errors are in a/ and aj, it is reasonable to take some fixed values 
of Bf, Bf within the range given above. 

Case(i) Zfj <0, Bf = 1.07, Bf = 1.13; -0.25 < Zfj < -0.06 

Then we obtain from Eq. fIBUl) 

0.11 < rf < 0.21 

0.18 < Tf- < 0.30 (63) 
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Case(ii) Zf < 0,Zf > 

For this case, we take Bj = 0.98, 0.14 < zj < 0.25. With these values we 
obtain the bounds 

(64) 





0.14 < rj < 0.46 


Eq. (|3fi ) , we have 






smdf = -^ — 

2rf sm a 




smdf = -^ — 

■' 2r J sm a 



(65) 

Taking (sin a) = 0.96;we obtain the following bounds on 6f and Sf from 
Eq fl65|) for the case(i) 

11° < Sf< 57° (66) 

23° < 6f < 90° 

Thus in the range 23° — 57°, 6f and 6j can be equal to each other. 

For the case(ii) we get 90° < 6j < 170° 

Hence in the range 11° < 5/ < 57°it is possible to have a solution^j = 
n-5f 

For the mixing induced CP asymmetries, we get from Eqs. (l45l) and 
(|46D,with 5t = 



S + AcpAS = — ^-— [2 sm2a — 2ta,na [rjZf + rfZf)~\ 



t 



Bf + t'Bf 



2 sin 2a + tan a (Bj + Bf-2-rj- r J ^37) 



AS + AcpS = — J— (— cot a) [2r J sin a sin (5 J — 2r J sin a sin (5 j] 

= - cot a^^ [{I -t^)iC + AcP AC) -{l + t^)Acp] (68) 

From Eq. ([68]) it follows that AS+AcpS is determined by t, C+AcpAC, Aqp 
and the weak phase a. The parameters t, C, AC and Aqp are independent of 
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particle mixing and can be determined from the direct CP violation .Hence 
it follows that AS + AcpS depends only one unknown parameter, the weak 
phase a. Due to large experimental uncertainities in mixing induced CP 
asymmetries, we will not discuss them any further. 

Finally for the decays B^ -^ p~7r°(p°7r~), using the experimental values 



for R_Q and -Rq- 



we get 
B-o 
Bo- 



2-R-o _ 

^ tree 

2Ro- 

f2Yf 

^ ^ tree 



1.65 ±0.26 



2.31 ±0.29 



Now using the results given in Eq. (ITB1) we get from Eq. ipTI) 

2tro- (1 ± e_o) sin a sin 5q- 



/i-O 



-4°- 



o-o 



5o- 



2trn_ sin a sin 5n^ 



ao- 



(1 ± e„o) 

2ro_ (1 ± Co-) sin a sin 5q. 



B. 



2trQ_ sin a sin (Jq- 



(69) 



'1 



eo-; 



(70) 



(71) 



Hence 



^CP 
^CP 



Now using the approximation i?_o 
from the Eq. (!69|) 



-t- 



1 



eo- 



l±e-o 

\2 



;i±e_o)%5o 



(72) 



^1 ± Co-) we obtain 



;i+e-o)^ 
;i+eo-)^ 

^CP 
^CP 



1.28 ±0.10 
1.51 ±0.10 

-0.8 ±0.1 



e_o = 0.28 ±0.10 
Co- = 0.51 ±0.10 
0.15 ±0.12 



0.07 ±0.13 



-2 ±4 



(73) 
(74) 



exp 



The following comments are in order. Naively in the factorization ansatz: 



eo 



\r<o~\ r'-o 



t^. Using the above values of e_o, eo- and 
t = 0.72, we get ^ = 0.39±0.14, ^'= 0.37±0.07 consistent with each other. 

' <= ai ' ai 



W^ 
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To Conclude: Using the unitarity equation for the tree amphtude, and 
the fact that penguin is pure AJ = | transition, we have derived the fol- 
lowing constraints on the final state phase shifts:5i = 0, 1 — cos{6f — 6j) = 

r^Q — {r f —tr-f)'^ • / e-P rP\ • / eP c- \ 

2^^^^_ ,d-o-()o- = ±7r, r_o = tro-, trfSm{dj -bj) = r^Qsm{d_o-df). 

From the experimental data, using the factorization for the tree ampli- 
tude and a = (QO^'^g'^) , we get the following bounds on the phase shifts 
: 11° <5f< 57°; 23° < Sf < 90° for Zfj < whereas for zj < and Zf > 0, 
we get 90° < 5/ < 170°. 

Finally in the range 23° < S < 57°, 6f and Sj can be equal to each other. 
For 6f = 5 J r_o = -^{rf — trj). Equality of 5f and 5j may be the consequence 
'of C— invariance of strong interactions as the final states p~7r"'" and p^vr" are 
C-conjugate of each other and cannot be distinguished by strong interactions. 

For B^ -^ p^n^^p^Ti^), we get in factorization ansatz L_o ~ 0.28 ± 0.10, 

^^ = 0.51±0.10 which implies f^ = 0.39±0.14,^ = 0.37±0.07 consistent 
with each other. Finally noting that penguin is pure A/ = 1/2, we have 
shown that assymetries A^^p and A^p have opposite sign. 
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